A method is presented for controlling the persistence of a local attractor near a grazing periodic trajectory in a piecewise smooth dynamical system in the presence of discontinuous jumps in the state associated with intersections with system discontinuities. In particular, it is shown that a discrete, linear feedback strategy may be employed to retain the existence of an attractor near the grazing trajectory, such that the deviation of the attractor from the grazing trajectory goes to zero as the system parameters approach those corresponding to grazing contact. The implementation relies on a local analysis of the near-grazing dynamics using the concept of discontinuity mappings. Numerical results are presented for a linear and a nonlinear oscillator.
Introduction
The onset of impacting motions of mechanical systems under variations in a system parameter m is known to be associated with dramatic and abrupt changes in system response (Nordmark 1991 (Nordmark , 1997 Fredriksson & Nordmark 1997; Dankowicz & Nordmark 1999; Molenaar et al. 2001; Dankowicz & Zhao 2005) . Specifically, bifurcations in the long-term system response occur as m increases past some critical value m grazing , at which value there exists a periodic nonimpacting oscillation of the mechanical system that achieves zero-relative-velocity contact with an internal or external mechanical limit. In a state-space description of the dynamics of the system, such zero-relative-velocity contact corresponds to a grazing contact between a state-space trajectory and a discontinuity surface, for example, representing the sudden changes in the velocities of the system components that result from an impact. In contrast to periodic trajectories in smooth systems, the local description in the vicinity of a grazing trajectory is well known to be non-differentiable with dramatic implications to the stability of the grazing trajectory and to its persistence under further parameter variations. Indeed, as there is no advance warning of this instability, any local description must account for the non-smooth character of the flow near the grazing trajectory.
Analysis of the local dynamics in the vicinity of a grazing trajectory for mzm grazing is made possible through the introduction of a discontinuity mapping that (i) captures the local dynamics in the vicinity of the grazing contact including variations in time-of-flight to the discontinuity and the impact mapping; (ii) can be entirely characterized by conditions at the grazing contact; (iii) is non-smooth in the deviation from the point of grazing contact and (iv) can be studied to arbitrary order of accuracy (Nordmark 1991; Dankowicz & Nordmark 1999; di Bernardo et al. 2000; Dankowicz & Zhao 2005) . Properly formulated, the discontinuity mapping thus introduces the correction to the otherwise smooth dynamics that is due to the brief interaction with the discontinuity.
As shown by Fredriksson & Nordmark (1997;  but see also Nordmark 1991 Nordmark , 1997 , necessary and sufficient conditions for the persistence of a local attractor near the grazing periodic trajectory for mzm grazing may be formulated in terms of a condition on the linearization of the mechanical system about the grazing trajectory in the absence of impacts. In this paper, we rely on this insight for the formulation of a discrete, closed-loop control strategy that controls the persistence of a local attractor by appropriate real-time changes to the position of the mechanical limit. In particular, we illustrate the possibility of dramatically changing the bifurcation scenario associated with grazing contact with a minimum of control.
The paper is organized as follows. Section 2 presents an analysis of the neargrazing dynamics of a piecewise smooth formulation of a linear, forced impact oscillator and the formulation of a feedback strategy for controlling the persistence of a local attractor near the grazing periodic trajectory. Section 3 illustrates the generality of the analysis and control methodology by considering an application to a nonlinear oscillator. A concluding discussion is presented in §4.
A linear oscillator (a ) Mathematical model
Consider the response of a linear oscillator to a periodic excitation in the presence of perfectly elastic impacts of the oscillator with a mechanical limit at some critical displacement. In particular, suppose that the evolution of the oscillator is governed by the second-order differential equation 
In terms of the state vector
the corresponding dynamical system is given by dx dt ðtÞ Z f ðxÞ K to D C , trajectories that reach D K experience an instantaneous jump across P to D C without intersecting P (as the incoming velocity x 2 !0 is changed to an outgoing velocity Kx 2 O0). We represent such crossings by the virtual point of intersection with P of the corresponding forward trajectory segment in the absence of the jump in velocity.
(b ) Near-grazing dynamics
We wish to associate a Poincaré mapping P with the Poincaré section P introduced above. Ignore, for a moment, the jump map associated with the discontinuity D and assume that the dynamics are governed entirely by the vector field f. Suppose that the forward trajectory based at a point Figure 1 . Schematic illustrating the correction to the smooth flow in the presence of impacts introduced through the concept of the discontinuity mapping D. where the discontinuity mapping D maps x to some point on P in such a way that the subsequent dynamics respect those of the corresponding actual trajectory. To arrive at an expression for D consider the trajectory segments shown in figure 1 (cf. Nordmark 1991; Dankowicz & Nordmark 1999; di Bernardo et al. 2000; Dankowicz & Zhao 2005) . Here, an incoming trajectory governed by the vector field f reaches the discontinuity surface D at a point x in 2D K , experiences a jump to a point x out Z g D ðx in Þ 2D C , and then continues to flow under the vector field f. The trajectory segments on the far side of the discontinuity surface D correspond to a flow governed by the vector field f from x in forward in time until reaching P at a point x 0 , and from x out backward in time until reaching P at a point x 1 . The sought correction to the smooth flow given by F is then obtained by mapping x 0 to x 1 , as this correctly accounts for the effects of the jump map.
It follows that
Thus, given an initial point xzx * on P, such that h D ðxÞ! 0, we define D as the composition of the following steps:
(i) flow for a time t 1 !0 with the vector field f until reaching D K ; (ii) apply the jump map g D ; (iii) flow for a time t 2 !0 with the vector field f until reaching P.
To arrive at a functional expression for D, we seek to express the flow times in terms of the corresponding initial conditions in state space and the corresponding parameter values.
Suppose, in particular, that there exists a point x * , such that
ð2:21Þ
Clearly, x * 2P is a point of simple grazing contact with D corresponding to a local minimum in h D along a trajectory segment of the vector field f based at x * .
Step 1 (1) at (x * , 0) using implicit differentiation and demanding that all partial derivatives of the left-hand side of (2.29) must vanish at (x * , 0, 0). Now let D 1 ðx; yÞ Z Fðx; Kt ð1Þ ðx; yÞÞ: ð2:30Þ
Since F is smooth, we can compute arbitrary partial derivatives of D 1 at (x * , 0).
Step 1 is completed by expanding D 1 (x, y) to desired order in the deviation from (x * , 0) and substituting yZ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Kh D ðxÞ p .
Step 2. Since g D is smooth, it can be expanded to desired order in the deviation from x * , after which the result of step 1 may be substituted for x thus completing step 2.
Step 3. Finally, consider the function Since F is smooth, we can compute arbitrary partial derivatives of D 2 at x * .
Step 3 is completed by expanding D 2 (x) to desired order in the deviation from x * and substituting the result of step 2 for x.
DðxÞ Z Clearly, the presence of the square-root term renders the resulting discontinuity map non-differentiable at a point x, where h D ðxÞZ 0, i.e. a point of grazing contact.
The lowest-order-in-x Kx * , non-trivial term in the expansion of D for xzx * is a term of the form
38Þ Then, as argued by Fredriksson & Nordmark (1997) , a necessary condition for the persistence of a local attractor near the grazing trajectory when x 4 (0)TKx 5 (0) is that x is a non-negative sequence (but see comments in the next section). Indeed, such a local attractor can be shown to lie within a region whose size grows as the square root of the absolute value of the deviation of x 4 from x 4 Ã . Here, we refer to such a scenario as a continuous grazing bifurcation. In contrast, if x n !0 for some integer n, no local attractor will persist. Instead, such a discontinuous grazing bifurcation is associated with a sudden jump to an impacting system attractor that persists also for x 4 (0)(Kx 5 (0). For the present example, it is straightforward to show that
ð2:41Þ
where
It follows that a necessary condition for the persistence of a local near-grazing attractor is that gO1.
(c ) Control strategy
We now seek to introduce a feedback control to render x n O0 for all n by making discrete changes to the value of x 5 , when the trajectory intersects the zero-level surface C of the event function h C ðxÞZ x 2 for x 2 decreasing. Denote by
Ã Þ T the intersection of the grazing periodic trajectory with C. Now, let the proposed changes be governed by the jump map
ð2:43Þ
It follows that
where P P/C smooth and P C/P smooth correspond to the Poincaré maps from P to C and from C to P, respectively. The Jacobian of P smooth can then be written as a product of the Jacobians of P where * refers to a non-trivial coefficient. Appropriate choices of values for the control parameters c 1 , c 3 and c 5 may thus be sought that will render x n O0 for all n. Since, for fixed values of c 5 each x n is linear in the remaining control parameters, allowable values for c 1 and c 3 lie in a region bounded by straight lines in the c 1 , c 3 two-dimensional parameter space. Similarly, values outside such a region may be employed to render the grazing bifurcation discontinuous.
(d ) Comments on the continuity criterion
As argued in Fredriksson & Nordmark (1997) , a sufficient condition for the persistence of a local attractor is that the sequence
, where
is non-negative for all matrices L near P smooth,x (x * ). Equivalently, one may require that the sequencexZ fx n g N nZ1 defined bỹ
where u n is a unit vector in the direction of P smooth;x ðx Ã Þ$ /$P smooth;x ðx Ã Þ |fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl ffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl ffl} n times $b; ð2:49Þ is bounded from below by a positive number. As formulated above, the quantities x n /0 as n/N for fixed values of the control parameters, since the eigenvalues of P smooth,x lie within the unit circle. As a consequence, it may become numerically difficult to resolve whether x n O0 for large enough values of n. In contrast, sincex n must be bounded from below by a positive number for all n, there is no numerical difficulty in ascertaining whether the sufficient condition for the persistence of a local attractor is satisfied for a given set of control parameters. On the other hand, while the x n are linear in c 1 and c 3 (for a given values of c 5 ), thex n are nonlinear in the control parameters. In the numerical discussion below, we therefore seek values of the control parameters for which x is a non-negative sequence, and only after the fact do we confirm thatx is bounded from below by a positive number.
The continuity criterion thatx is bounded from below by a positive number is directly related to the local stability of the grazing periodic trajectory. Indeed, as long as the continuity criterion is satisfied, a small initial perturbation from the grazing trajectory such that x 4 ð0ÞZ x 4 Ã ZKx 5 Ã will result in at most one impact with the mechanical limit, and thus the stability of the grazing trajectory for
Ã is entirely determined by the non-impacting dynamics. As shown in Fredriksson & Nordmark (1997) , for values of x 4 away from x 4 Ã the continuity criterion implies that the number of iterations of the composite Poincaré map between successive impacts goes to infinity as x 4 / x 4 Ã , in essence that impacts are rare and far apart for small deviations from the grazing trajectory.
The implications of this rarity of impacts is that a control strategy that realizes the continuity criterion is particularly well suited for controlling transient dynamics that involve occasional impacts. Indeed, if it were only required that a local attractor persist as x 4 would increase beyond x 4 Ã , one might naively assume that it would suffice to choose values for c 1 , c 3 and c 5 such that the mechanical limit would remain away from the non-impacting periodic trajectory. In the case of the linear oscillator, this would imply that Ã , values for c 1 , c 3 and c 5 must be chosen to satisfy the continuity criterion. For example, the continuity criterion implies that the largest-in-modulus eigenvalue of P smooth,x (x * ) must be real and positive. But c 5 is one of the eigenvalues of P smooth,x (x * ). Thus, in situations where the largest-in-modulus eigenvalues of P smooth,x (x * ) in the absence of control are complex conjugates, one must choose a value for c 5 that is greater than the modulus of these eigenvalues. Then, in the absence of control, i.e. when c 1 Zc 3 Zc 5 Z0, we find x 1,2 O0 but x 3 !0, i.e. the grazing bifurcation is discontinuous. Figure 2 shows the impacting attractor to which an initial condition in the vicinity of the grazing trajectory converges for x 4 (0)R1 and which also persists for x 4 (0)(1. In order for x n O0 for all n, the largest-in-modulus eigenvalue of P smooth,x must be real and positive. Since, here 
A nonlinear oscillator
Now consider the response of a nonlinear oscillator to a periodic excitation in the presence of elastic impacts of the oscillator with a mechanical limit at some critical displacement. In particular, suppose that the evolution of the oscillator is governed by the second-order differential equation where e represents a coefficient of restitution. In terms of the state vector Following the discussion in the case of the linear oscillator, introduce a Poincaré section P given by the zero-level surface of the event function h P ðxÞZ h D;x ðxÞ$f ðxÞZKx 2 for x 2 decreasing. Again, we may analyse the dynamics in the vicinity of a grazing trajectory by composing the smooth Poincaré map P smooth associated with P in the absence of impacts with a discontinuity mapping D that (i) captures the local dynamics in the vicinity of the grazing contact including variations in time-of-flight to the discontinuity and the impact mapping; (ii) can be entirely characterized by conditions at the grazing contact; (iii) is non-smooth in the deviation from the point of grazing contact; and (iv) can be studied to arbitrary order of accuracy. Properly formulated, the discontinuity mapping thus introduces the correction to the otherwise smooth dynamics that is due to the brief interaction with the discontinuity.
Suppose that gZ0.04, uZ0.56, eZ0.8. Then, a grazing periodic trajectory is obtained for ð3:7Þ In this case, x 1 !0 in the absence of control and the corresponding grazing bifurcation is thus discontinuous. Indeed, the left panel of figure 5 shows the impacting periodic attractor to which an initial condition in the vicinity of the grazing trajectory converges for x 4 ð0ÞR x 4 Ã and which also persists for x 4 ð0Þ( x 4 Ã . Here, the largest-in-modulus eigenvalues of P smooth,x (x * ) for c 5 Z0 are complex conjugate with modulusz0.8939. Let c 5 Z0.95. Then, the right panel of figure 5 shows a subset of the region of values for c 1 and c 3 , such thatx n O 0 for n%90. As an example, figure 6 shows the grazing bifurcations scenario that is obtained when c 1 Z0 and c 3 ZK1.4. Specifically, while the upper panel shows the predictions of an analytical expansion of P to linear order in the deviation xKx * , the lower panel shows the results of applying the control to the original dynamical system over a larger range in the deviation
Conclusions
This paper has presented a linear, discrete, closed-loop control strategy for ensuring the persistence of a local attractor in the near-grazing dynamics of an impact oscillator. Although the methodology has been presented specifically for forced, single-degree-of-freedom oscillators, there is nothing in the approach that limits it to this low dimensionality or to systems that originate in second-order differential equations. Indeed, the discontinuity-mapping approach as well as the continuity criterion formulated here are general to near-grazing dynamics in arbitrary-dimensional piecewise-smooth dynamical systems.
Of course, the higher the dimension of the underlying dynamical system, the more control parameters would enter into the expression for the feedback strategy. Again, however, for fixed values of the control parameter coupling the change in the position of the mechanical limit to the current position of the mechanical limit (c 5 in the above analysis), the resultant expressions for the elements of the sequence x would be linear in the remaining control parameters. One would thus, again, expect that allowable values for the remaining control parameters would lie in a region in parameter space bounded by hyperplanes. As noted above, in a situation where the largest-in-modulus eigenvalues of the Jacobian of the smooth Poincaré map in the absence of control were complex conjugate, it would be necessary to select the control parameter coupling the change in the position of the mechanical limit to the current position of the mechanical limit to be larger than the modulus of these eigenvalues (but always less than one).
The control of system dynamics in the presence of impacts using the position of the system discontinuity has previously been employed by the authors Jerrelind & Dankowicz in press ). There, however, the analysis focused on the stabilization of impacting dynamics in the presence of large-impactvelocity motions, far from the near-grazing region. In that case, the local dynamics were described by a linear Poincaré map and the analysis focused on the control of the linearized system about an impacting reference trajectory. In contrast, in the situation considered here, the stabilization of a particular trajectory is practically impossible. Instead, the aim of the present work has been to change the bifurcation behaviour in the near-grazing region ensuring, not the stability of a single trajectory, but the weaker notion of stability pertaining to the persistence of a local attractor. The proposed control strategy affords a means of suppressing the catastrophic loss of stability of low-impact-velocity motion to high-impact-velocity motion that is a distinct possibility in impact oscillators. Instead, at the expense of small, real-time and closed-loop adjustments to the position of the system discontinuity, low-impact-velocity motions may be sustained over a large interval about the point of grazing contact. The implications of this to practical mechanical and/or electrical systems will be explored in future work. 
Appendix A. Explicit expansions for the discontinuity mappings
As suggested in the main text, implicit differentiation may be employed to obtain expressions for the coefficients in the various Taylor expansions in the construction of the discontinuity mapping D. As an example of the result of such computations, the formulae below correspond to the discontinuity mappings for the linear and nonlinear oscillator, respectively, for xzx * . Since D maps P to P and since x 4 and x 5 are constant under the smooth flow, we only report the non-trivial 1 and 3 components of D.
Specifically, in the case of the linear oscillator with
